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Abstract

We derive rigorously explicit formulae of the Casimir free energy at finite
temperature for massless scalar field and electromagnetic field confined in
a closed rectangular cavity with different boundary conditions by a zeta
regularization method. We study both the low and high temperature expansions
of the free energy. In each case, we write the free energy as a sum of a
polynomial in temperature plus exponentially decay terms. We show that
the free energy is always a decreasing function of temperature. In the cases of
massless scalar field with the Dirichlet boundary condition and electromagnetic
field, the zero temperature Casimir free energy might be positive. In each of
these cases, there is a unique transition temperature (as a function of the
side lengths of the cavity) where the Casimir energy changes from positive
to negative. When the space dimension is equal to two and three, we show
graphically the dependence of this transition temperature on the side lengths of
the cavity. Finally we also show that we can obtain the results for a non-closed
rectangular cavity by letting the size of some directions of a closed cavity
go to infinity, and we find that these results agree with the usual integration
prescription adopted by other authors.

PACS number: 11.10.Wx

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The Casimir effect was predicted in 1948 [1] as an effect due to vacuum fluctuation of quantum
fields. When attempting to calculate the Casimir energy, one inevitably faces the problem of
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summing a divergent series. There have been a number of different regularization methods
proposed and used to regularize the infinite sum to extract a physical finite quantity. Among
these methods, zeta regularization techniques have been widely used recently. One can see for
example the articles [2—8] and the books by Elizalde et al [9, 10] and Kirsten [11]. This method
has been extended to calculate the Casimir energy at a finite temperature [ 12—16]. Historically,
Casimir effect was calculated for electromagnetic field confined between two infinitely
conducting parallel plates in four-dimensional spacetime. Later on, the Casimir energy has
been calculated for scalar field, spin-1/2 field and electromagnetic field in more general
spacetime. Among the different geometries of space that have been under consideration,
rectangular cavities of different dimensions are among the most extensively studied [15, 17—
30], partly due to the simple geometry and also the well-developed mathematical tools. Various
aspects of the effect, such as the low and high temperature expansions of the Casimir energy
or force [12—-14, 17, 31, 32], the attractive or repulsive nature of the Casimir force [15, 17, 18,
24, 26, 33], the effect of extra dimension [14, 15, 17, 24], etc, have been discussed.

A p-dimensional rectangular cavity inside a d-dimensional space is a space of the form
Q,q =10,Li] x---x[0,L,] x RYP. When d = p, we say that the cavity is closed,
and when p < d, the cavity is non-closed. The paper by Ambjgrn and Wolfram [17] can be
considered as the pioneer work in the calculation and discussion of Casimir effects at finite
temperature for massless scalar field and electromagnetic field confined within a rectangular
cavity. By using a dimensional regularization technique, they found that the Casimir energy
can be expressed using the Epstein zeta function whose analytic continuation is well known.
Ambjgrn and Wolfram were also able to obtain the high and low temperature expansions of
the free energy by using the Chowla—Selberg formula [34] for the Epstein zeta function. Their
formula work for p < d, whereas for the case of closed cavity (i.e., the p = d case), they
modified the p < d formula to remove divergences based on physical arguments. However,
the divergences for the high and low temperature expansions were removed separately and
they did not justify that the two results coincide at any temperature.

Special cases of the results of Ambjgrn and Wolfram have been reproduced and extended
by several authors using zeta regularization or other methods, see for examples [14, 15, 18, 19,
22,24, 27, 28, 33]. In particular, there have been an extensive study of the Chowla—Selberg
formula for the general Epstein zeta function [4, 6, 12, 13, 31, 35-39] with the aim to obtain
the low and high temperature expansions of the Casimir energy. However, to the best of our
knowledge, no one has derived the Casimir energy for fields confined in closed rectangular
cavities correctly (without divergent terms) purely by zeta regularization techniques. One can
read for example the third paragraph in the introduction of [29], where they pointed out this
divergence problem in some of the literatures (e.g. [40]). In [29], the authors also mentioned
that it is desirable to obtain a closed formula for the free energy of the electromagnetic field
confined in a three-dimensional rectangular cavity that is valid for all temperatures.

In this paper, we solve a more general problem. We derive the Casimir free energy
at finite temperature for massless scalar fields and electromagnetic fields confined in a
closed rectangular cavity with different boundary conditions, by employing zeta regularization
techniques. We derive an explicit formula for the free energy, in the low and high temperature
regions, respectively. However, we want to emphasize that both the low and high temperature
formulae are valid at all temperatures. Their difference lies in the manifestation of the leading
behavior of the free energy at low and high temperatures, respectively. The advantage of
using the zeta regularization approach is that we can derive the formula that work for any
dimension d > 2 at one shot. With the further help rendered by the Chowla—Selberg formula,
we can compute the free energy effectively. We show some results graphically when d = 2
and d = 3. On the other hand, we also study some behavior of the free energy using the
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formula we derive. In particular, we find that the free energy is always a decreasing function
of temperature. In the cases of massless scalar field with periodic and Neumann boundary
conditions, the zero temperature free energy is always negative. Therefore, the free energy is
negative at all temperatures. In the cases of massless scalar field with the Dirichlet boundary
condition and electromagnetic fields, the zero temperature free energy can be positive. We
study the cases when d = 2 and d = 3, and we leave a more detailed study of the general cases
to another paper. When the zero temperature free energy is positive, we can conclude from the
decreasing behavior of the free energy that there is a unique transition temperature (depending
on the side lengths of the cavity) where the sign of the free energy changes from positive
to negative. We show graphically the dependence of this transition temperature on the side
lengths when d = 2 and d = 3. In the last section, we show how to obtain the corresponding
results for a non-closed rectangular cavity €2, 4 by letting the size of d — p directions of a
closed cavity going to infinity. We find that our results are in agreement with those based on
the method of changing the summation in d — p directions to integration, which is commonly
adopted by other authors.

2. Casimir energy at finite temperature

For a massless scalar field ¢ in d-dimensional space €2 maintained in thermal equilibrium at
temperature 7, the Helmholtz free energy is conventionally defined as

1
F=——logZ,
p
where 8 = 1/T and Z is the partition function given by
e—Box/2
_ /
z_]:[—l_efﬁwk. .1

Here wy is the frequency associated with the eigenmode ¢y of the field, and the symbol " in
the product means that the term wy = 0 is to be omitted. More precisely, the free energy F is
equal to

1 1 1
F=——logZ =~ Z’wk +— Z log(1 — e Fex). (2.2)
/3 2 k ﬂ k
The first term
1
0 __ /

is the zero temperature contribution to the free energy, also known as Casimir free energy.
The summation is divergent and regularization is needed to obtain a finite value. There are
various regularization techniques that have been employed. One of the conventional methods
is to introduce the zeta function {q(s) (see e.g. [9, 11]):

d
La(s) = Z’w;zs, Res > 5
k

It is well known that ¢q(s) can be analytically continued to the complex plane with possible
simple poles at s = %,l =0,1,2.... In the case {q(s) is regular at s = —1/2, we can

define
0 12, 1§ 1 2.3)
== g = = —= . .
24 R )
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In general, as was proposed by Blau and Visser [2], one should introduce a constant A with
dimension (length)~! and define

FO = %P.P.s_)_%EQ (s)
= {(limEa(~} +¢) + Ea(~3 —¢))

where P.P. means principal part and Eq(s) is the normalized zeta function

2 —S
Eq(s)=1) (%) = 2" ¢q(s).
k

Since ¢q(s) may have a simple pole at s = —1/2, we can write

1
La(s) = —— +7g+ 0 <s + -) . 2.4)
s + 7 2
A straightforward computation gives

FO = 1(rog+r logh?).

If ¢a(s) isregularat s = —1/2,r; = 0, ryp = {q(—1/2) and we get back the definition (2.3).
The second term in (2.2)

1
AF = B E "log(1 — e Pox)
k

is known as the thermal correction to the free energy. Due to the exponential term, it is a finite
sum. Hence if we are interested in the low temperature behavior of the free energy, we can
use the expression

1 1 1
F = -5 log Z = > (ro + 11 logA?) + 5 > Vlog(l —e~Fx), (2.5)
k

However, this expression is not convenient for studying the high temperature behavior of the
free energy.

Remark 2.1. Differentiate (2.5) with respect to 8, we find that

oF 1 , B 1 wy e Pox
—:——E log(1 — ﬁ""‘+—E/—>O
aﬂ ﬂz k Og( € ) ﬂ - 1— e_ﬁwk

Therefore the free energy is always an increasing function of 8, and thus a decreasing function
of the temperature T. Hence, if the zero temperature free energy F° is negative, then the free
energy F will be negative for all temperatures.

It has been taken for granted (or taken as definition) that the partition function Z can be
calculated using the path integral

B 1 —1/2
Z = / Dy exp(—/ / ox, ) (—Up)ex, 1) ddxdt> = det(——ZDE> , (2.6)
boundary 0 JQ M

conditions

where

is the (d +1)-dimensional Euclidean D’ Alembertian operator and p is a normalization constant
with the dimension of mass. In the imaginary time formalism (or Matsubara formalism) of
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finite temperature field theory, one imposes periodic boundary condition with period § in time
direction. In the spatial direction, ¢ is assumed to have the same boundary condition as ¢.
The eigenvalues of —[Jg are then given by

27n\?
An,k=< ﬁ > +CU|%, n e 7.

Using the zeta regularization method, one defines

(= Y ((2”"> wﬁ) @7

n=—oc0 k

which is an analytic function of s when Res > (d + 1)/2. Here the symbol ’ in the double
summation means that a term where (n, w;) = (0, 0) should be omitted. One then analytically
continue ¢ (s) to the complex plane and the logarithm of (2.6) is then equal to

log Z = 1¢'(0) + 3 (log u*)¢ (0). 2.8)

Most people set u? = 1 and claim that log Z = log Z. However, we are going to show that
this is not true when there are some modes ¢y with wx = 0. Since in the definition of the
partition function (2.1), we omit the terms where wy = 0, therefore it is natural to single out
the contribution from wy = 0 terms and write (2.7) as

2\ .
£(s) = 2N (F”) Er(25) + £ (s),

where g (s) = ZZL n~* is the Riemann zeta function, N is the number of modes ¢y with

- EGs) = ZZ((Z””) .%>_

n=—00 wg#0

It is well known that {g (s) has analytic continuation to the whole complex plane with a single
pole at s = 1. On the other hand, using standard techniques, for Res > (d + 1)/2, £(s) is
analytic and is given explicitly by

. BT(s—3) 1 pn \'"?
C(s) = WCQ <S ) fF(s) Z Z ( ) K_1p(Bnowy).

Here K, (z) is the modified Bessel function of second kind (see e.g., 3.471 in [41]). From this,
we find that (2.8) is given by

N 1
log Z = — = log(Bu)® — B | 2 log1i? + (1 —log 2y + 2+ — Y " log(1 — e #%)
2 2 278 &,
Wk
2.9)

whereas

N O 1 A
log Z := 7£'(0) + 5 (log u*)¢ (0)

1
— B %log 12+ (1 —log2)r + %0 +y Y log(l —e ) | (2.10)
wk;ﬁO
Compare these expressions with (2.5), we note that when N # 0 (i.e., in the presence of
wk = 0 modes), log Z # log Z, but log Z = log Z if we identify A with ej1/2.
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It has been noticed by several authors (see e.g. [2, 5, 14]) that the Casimir energy at zero
temperature can be defined by

1
lim <—— log Z) .
B—o00 ﬁ
In view of what we have obtained above, due care has to be taken in the presence of wx = 0

modes. In this case, we should replace log Z by log Z. From (2.5), (2.9) and (2.10), we can
write

F = _% logZ = —% <logZ+ %/ 1Og(ﬂﬂ)2)

and therefore

0 : 1 N 2
F' = 5113;0 ( 5 |:logZ + > log(Bu) :|>
with the identification A = et /2.

The constants p or A contribute ambiguities to the Casimir free energy. However, in
most of the cases of interest, the function {q(s) is regular at s = —1/2. This is equivalent to
r; = 0. Using the zeta function ¢ (s), we can characterize such cases by ¢(0) = —A/. Hence
if £(0) = —N/, the Casimir energy turns out to be independent of 1 or A and can be calculated
by using

1
F = —ﬁ(g/(O) + 2N log B), (2.11)

in contrast to the usual prescription F = — ﬁ;’(O).

The expression for log Z (2.9), with the presence of wx = 0 terms has been obtained in
[14]. However, in [14], the discrepancy between Z and the thermodynamic partition function
Z was not emphasized. On the other hand, a computation similar to what we perform above
was done in [3], without taking into consideration the wyx = 0 terms.

In some of the studies (e.g. [15]), the (internal) energy E of the system was calculated
instead of the free energy F. They are related by

E = —8('3F). (2.12)
ap
Another important thermodynamic quantity—the entropy S, can be calculated from the free
energy by the formula

oF  H0F
—or = %
In view of remark 2.1, it is always non-negative. In the following, we will only compute the
free energy explicitly. We leave the readers to work out the energy and entropy themselves by
using these two formulae.

(2.13)

Remark 2.2. For the sake of convenience of presentation, in this section, we have assumed
that ¢ is a massless scalar field. However, the same reasoning works for other quantum fields.

3. Homogenous Epstein zeta function

Now we want to compute the derivative at zero of the Epstein zeta function using the Chowla—
Selberg formula. In association with the application of the zeta regularization method, the
Chowla—Selberg formula has been extensively used to express the Epstein zeta function in
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the form which facilitates the study of the function in certain limits [4, 6, 12, 13, 31, 35-39].
However, we are unaware of anything done regarding the explicit computation of the derivative
at zero of the homogenous Epstein zeta function.

In this paper, we only consider the homogenous Epstein zeta function in n variables in
the following form:

1
Zea(s;ay,...,a,) = .
E, (s; ay a) Z o ([a1k1]2 ot [ankn]Z)s

This sum is convergent for s > n/2. Under a scaling a; +— Aa;, we have
ZE,n(s; )\ah cee )"an) = AistE,n(S; ag, ..., an)- (31)

To find the derivative at s = 0, we first derive the Chowla—Selberg formula for the Epstein
zeta function. For fixed 1 < m < n — 1, we can write

ZE,n(S;als ...,an) = ZE,m(S;alv '~~sam)

1
Y ) N U P

(kyseee ik )EZ™ (Kt soenkn ) EZ ™\ {0}

For the second term, we have

1
Z ([a1k1]2 +---+ [ankn]z)s

KEZ" x (Z™"\{0})
1
[ (s)

(o]
/ el 3 ot Qarki Petlankn ) o=t (st kot Pro+laka ) g
0 Kz X @\ (0))

m o0 2 —m K n
ﬁ / ts—%—l Z _ﬂT Z/‘:I[é]z_l Z[:m+1[alk1]2
0

[]_[;721 aj]l"(s)

/2 _m
" F(s 2)Z m T )
- m E,n—m S__vam+]7"‘9an +F(S) n,m(saala"‘van)7

€
KeZ™ x (Z"~"\{0})

[Hj:l a; ]l (s) 2
(3.2)
where
2
Tn,m(S;ala-wyan):m— Z
[IT=r /] Ke(Z"\(0) x (Z'~"\(0})
25s—m
m ki12 .
Zj—l [_J] m k. 2 n
—_— Ky n | 27 —j} [aik;1?
sror) S (B (2
j= =m+1
Combine together, we have the Chowla—Selberg formula
Zea ) = Zen o 2oLl = 5)
En8;a1, ....0y) = LEm(S;a1,...,0n) t 7=
[H?L:l al]F(S)
z ( m ) LA ) (3.3)
X nem |8 — =3 a1, ..., ay —Tym(s;ay, ..., a,). .
E, B +1 F(S) s 1
The function 7, ,,(s; ai, ..., a,) is an analytic function of s on C. Using the fact that the

Riemann zeta function {g(s) is meromorphic on C with a single pole at s = 1 and the
fact that Zg 1(s;a) = 2a‘2S§R (2s), we obtain by recursion a meromorphic extension of



11652 S CLim and L P Teo

Zga(s;ay, ..., a,) to C with a single pole at s = n/2. On the other hand, one can also use
the Chowla—Selberg formula (3.3) to prove the reflection formula

OV ) 7873 F(n )Z n 1 1 (3.4)
T s Zsiap,...,ay) = ———=I (= —5 al==s;—, ..., — .
E, ! [nf;:laj] 2 En 2 a a,

by induction (see, e.g. [42]). Putting m = 1 and s = 0 in (3.3), using the reflection formula
(3.4), the fact that (1/T'(s))|s=0 = (s/ (s + 1))|;=0 = 0 and ¢z (0) = —1/2, we find that

Zga(0;ay, ... a,) = Zg1(0;a) = 20¢(0) = —1. (3.5)

On the other hand, if a; < --- < a,, by putting m = n — | in the Chowla—Selberg formula
(3.3), we obtain by recursion

Zea( ) = 2a; o 25) nzl’”r( D s s S
En(S;ay, ..., ay) = 2a; 7 Cr(2s) + % s —J)+—— -
FO) & a2 T, @ FO) =1L, o
Jj k, 2 . J k; 2
« 3 z —(Z[2]) = >[4T).
kEZf =1 (ma]+1) 1=1 a I=1 a

which express the Epstem zeta function as a sum of Riemann zeta functions plus a remainder
which is a multidimensional series that converges rapidly. This formula can be used to
effectively compute the Epstein zeta function to any degree of accuracy.

To compute the derivative Z’E!n (s;ay,...,a,) at s = 0, we differentiate the Chowla—
Selberg formula (3.3) with respect to s and set s = 0. This gives

xRr(-)
[H?ﬂ aj]

Zp,0ay,....a,) =Zp,0ai,... a4+

X ZE,n—m (_Ea Aptls oo oy an) + Rn,m(alv D) an)
()
= Z/E (O;alv”wam)"'—z
" [H?:l aj]
n 1 1
XZE,nfm T Ty ey — +Rn,m(als'-~7an)v (36)
2 Am+1 ay

where

2
R11,m(ala-~-aan)=W Z

j=14j ] ke(Z"\{0)x(Z" " \{0})

S lef ) ) <
0 4 " Kj )
Solak | NPT 2 [a]} Do lakP ). G

j=1 I=m+1

Using (3.1) and (3.5), we find that under the scaling a; — Aa;, we have
Z%,n(O; ray, ..., a,) =2logh + Z%’H(O; aip, ..., a,). (3.8)

4. Massless scalar field inside a closed rectangular cavity

In this section, the Casimir energy at finite temperature for massless scalar field confined
within a closed rectangular cavity of dimension d > 2 will be derived. Using the notations in
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section 2, the d-dimensional space €2 is the rectangular box [0, L] x - - - x [0, L] with volume
V =Ly,...,L,;. Without loss of generality, we assume that 0 < L; < --- < L;. We are
going to consider the following boundary conditions for the field ¢: (A) the periodic boundary
condition, (B) the Dirichlet boundary condition and (C) the Neumann boundary condition.

4.1. Periodic boundary condition

Consider the periodic boundary condition with ¢ (xy,...,x; + L;,...,xq) = ¢(x1, ..., X},
..., xg) forall 1 < j < d. In this case, the eigenmodes of ¢ are

2k x 2rkgxg
puidad Sad SN TP M’ i’ 3
L Ly )’

P(x) = ¢ ke 7¢.

The corresponding zeta function £ (s) is

2 2 2\ —%
Cpa(s; Ly, ..., Ly) = Z ((2717’”) +(27£:‘1) +"'+<2Zfd>)

(m k)eZ™"\ (0}

7 2 2w 2
= Sy T, Ty ey T
E.d+1 5T, I,

and there is N' = 1 zero modes of ¢ corresponding to k = 0. By (3.5), ¢p.4(0; Ly, ..., Ly) =
—1 = —N. Therefore by (2.11), the Casimir free energy is given by

Fp(L Ly =——z (022 F Y e @
= —— i —, —, ..., — | — =log§B. .
P s d 2ﬂ E.d+1 ﬂ Ll Ld ﬁ g

Using (3.8), we find that under the simultaneous scaling § +— A8, L; — AL;, the free energy
Fp(Ly, ..., Ly) transform as

1
FP(LI,...,Ld) = Fp()\,Ll,...,)\Ld)ZXFp(L],...,Ld). (42)

Therefore, when studying the free energy, we can define the scaled variables

B L .
fzm, i = Y 1<i<d,
called the scaled temperature and the scaled side lengths of the cavity, respectively. The
function VY4 Fp(L,, ..., L) is then a function of these scaled variables:
VI E(L L) 1 7 <0 2 2w 271) 110g§
P ls oo bid) = — 2 e e
26 TEEIT 50 la) &
withly, ..., l; = 1.
The Casimir force on the walls x; = 0 and x; = L is given by
5 = oF 43)

and the corresponding pressure is

_ L3

P; v

4.4)
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4.1.1. Low temperature expansion. By puttingm = 1,a, = 2n/B,a; = 2n/L;_; when
2 < j <d+1in(3.6), we obtain the low temperature (7' = 1/8 < 1) expansion

Ll...Ld d+1 d+1
Fp(Ly,...,Lg) =— yremd 8 Zgg\—=—:Li, ..., Lg

277 2 2
1 _ \/W
+E Z log(l—e By (T2 +4( de)2)7 @.5)
keZ\{0}

which have the form of (2.5). We find directly that the zero temperature Casimir energy is

Li,....Ly _(d+1 d+1
FO(Li, ..., Ly) = =1 "r( 5 )ZE,d<T;L1,...,Ld>, (4.6)

which agrees with (3.4) in [17]. A similar result was obtained by Edery [27] using a
multidimensional cut-off technique. By the definition of the Epstein zeta function, the term
(4.6) is strictly negative. Remark 2.1 then implies that the Casimir free energy is then always
negative for all temperatures. On the other hand, we can compute an explicit upper bound for
the thermal correction term:

_ 2
1 g | 1 2dd e
|AFp(Li,.... Lol = |7 Y. log(1—e™” o0 <-4

—ZB\d+1’
KeZA\0) P1—ei)

which is an exponentially decay term as 8 — oo.
From (3.1) and (4.6) (or by (4.2)), we see that under the space scaling L; > AL;, 1 <
A < d, the zero temperature free energy transforms as

FS(Lyi,...,Lg) + FYOLy,...,ALg) =A"'"FO(Ly,...,Ls). (4.7)

Namely, the zero temperature free energy is inversely proportional to the dimension of space.
This scaling property breaks down at positive temperature. However, (4.2) shows that this
scaling behavior will hold if the temperature is also scaled inversely. On the other hand,
differentiating the equation on the right-hand side of (4.7) with respect to A and setting A = 1,
we get

9F° AF°

L13_L1+"'+L"a_Ld =—F°
From the definition of pressure (4.4), we find that at zero temperature, the equation of state
FO=(Pi+ -+ Py)V (4.8)
holds. When the cavity is a hypercube (i.e., when L| = --- = L ), this implies that the zero

temperature free energy F° always has the same sign as the force and pressure. At finite
temperature, as a correction to (4.8), (4.2) gives us the well-known thermodynamic relation

oF oF oF
F=-L—---—L;— —B—=(P1+---+P)V -TS, 4.9)
oL, oLy 0B
where S is the entropy (2.13).
Using an arithmetic—geometric inequality, we find that when V = L, ..., L, is fixed,

(Lik)> 4+ (Lakg)? = d(ky .. .kg)T V1,

ki \? ka\* 2 2
B (Y s aw . kpived,
<L1) (Ld) (ki a)

and equalities hold if and only if L; = L, = --- = Ly. Therefore, we conclude from (4.5)
that at a fixed volume, the Casimir energy achieved its maximum when L} = L, = --- = L.
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4.1.2. High temperature expansion. By puttingm =d,a; =2n/L;,1 < j < d,aq =
2 /B in (3.6), we obtain the high temperature (7' = 1/ > 1) expansion of the free energy

5 d+1 1
Fp(L], ...,Ld) = _WLI LdF T {R(d+ 1) — ElOg(Z]T,B)

1 _ .

- ﬁzqu(o; L', ... L")
=
2L1 00 . d )
5 Z D mt | DMLk | Ky
kez\ {0} m=1 j=1
(4.10)
The leading term

Li...Ly d+1

— T r Cr(d+1) (4.11)
ﬂd+1 2

is the usual Stefan—-Boltzmann term. In some of the existing literature (e.g. [14]), the second
leading term % log(2B) was overlooked. However, since this term does not depend on the
dimension of the space L, ..., Ly, it does not contribute to the Casimir force. Nevertheless,
this term is essential for the validity of the thermodynamic relation (4.9). The last term in
(4.10) is an exponentially decay term. More precisely, it is bounded above by

oLy Ly ced([F) (1w i) [51 "
a2 d+l 2d+1 e (4 ]rde1 e BYd ﬂ 3
A min{Ly L7} (e #0)2 =0

Ambjgrn and Wolfram obtained a similar high temperature expansion in [17] (see (7.10)).
They considered the non-closed cavity case and let p = d in the formula be valid for p < d,
and then removed the divergent term by subtracting the free bose gas result. They did not
justify their result mathematically. Here we have proved this formula rigorously.

We would also like to mention that the general structure of the high temperature expansion
of free energy of gases inside cavities in curved spacetime has been calculated (see e.g.
[43—-45]). Our result here can be considered as a special case of their result.

4.2. Dirichlet and Neumann boundary conditions

4.2.1. Dirichlet boundary condition. The eigenmodes of ¢ satisfying the Dirichlet boundary
condition ¢ (x)|3q = 0 are

d
k:
¢k(X)=Hsin<—]2’xj), k e N
j=1 g

The corresponding zeta function £ (s) is

2mm\? ki \?
il ko= 3 ((F) +(F) +

(m,k)eZxN?

There is no zero mode of ¢ in this case.
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Figure 1. The graph on the left shows the free energy Fp(L1, L2) as a function of L; when
V=LL,=1aT =0,0.3,0.6,0.9, 1.2,1.5. The graph on the right shows the free energy
Fp(Ly, L) as a function of T when L = 0.4,0.55,0.7,0.85,1.0and V = L L, = 1.

4.2.2. Neumann Boundary Condition. For the Neumann boundary condition d,¢ (X) |30 = 0,
where n denotes the unit vector normal to the surface 92, the eigenmodes of ¢ are

d
i) = [ cos (”L—kfx]) k € (NU {0oh<.
j=1 !

The corresponding zeta function ¢ (s) is

2 2 2\ =S
¢na(s; Ly, ..., Ly) = Z /<<2717m> +<7TL—k]1) +...+(7TL—]:’Z>>

(m,k)eZx (NU{O})
There is N' = 1 zero mode of ¢ in this case corresponding to k = 0.

Since
D glki k) =271 (1=8t0) - (1= S1,0)8 K1, . ko),
keN? keZ¢
Z gki, ... ky) =271 Z (1+81,0) - (1+81,0) k1, - ., ka)
ke(NU{0D? keZ¢
for any function g satisfying g(ky, ..., —ki, ..., kq) = glky, ..., ki, ..., kq), 1 <i < d, we
have
2JT —2s
tonalsi Ly, ..., Ly) =274 (2(:F1)d (y) Cr(2s)
d 2w T
d—j .
+Z(:Fl) / Z ZE i+ (S,F,L—W,-n,m)
j=1 1<my<--<m;<d 7
From this, it is easy to check that {p 4(0; Ly, ..., Lys) = 0 and ¢y 4(0; Ly, ..., Ly) = —1.

Therefore, by (2.11) the free energy is given by

d
1 . 2n o T
Fp/n(Ly,...,Lg) = Todig Z(:Fl)d ! Z E il <O§ BL, L_)
j=1 1<my<--<m;<d m mj
(FD

1
275 log B — Op/n— log B, (4.12)

B

+
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Figure 2. The free energy Fp(L1, L2, L3) as a function of k3 = L3/L; when ky = Lo/L| =
1,4,7,10and V = L1L,L3 = 1,at T =0, 3, 6, 10, respectively.
k2=1 k2=5
05 . . . . . 2 . .

ot

Figure 3. The free energy Fp(Li, L2, L3) as a function of 7 when V = L{L,L3 = 1 and
ko =Ly/Ly =1,5atks = L3z/L; = 1,5, 10, 20, respectively.

where 0p = 0 and 0y = 1. Compare to the free energy of the periodic case (4.1), we have

d
Fon(Li, .o L) =27 "FD™ Y FpQLpy... 2L, (4.13)

j=1 1<my<--<m;<d
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Figure 4. The free energy Fp(Li, Lo, L3) as a function of k3 = L3/L; when T = 0,2, 3 and
V=L LLy=1latky =Ly/L; =1,2,4,8.

Table 1. The range of L3/L; where Fg(Ll, Ly, L3) > 0when Ly/L; =0.75,1.0,1.25, 1.5.

ko = Ly/Ly  The range of k3 = L3/L; where Fg(Ll, Ly, L3) >0

0.75 k3 > 4.4972
1.0 k3 > 4.2471
1.25 k3 > 5.2999
1.5 k3 > 8.8571

Using this formula and (4.2), we find that under the simultaneous spacetime scaling
B AB,L; — AL;, 1 < i < d, the free energy for the Dirichlet and Neumann conditions
Fp/n(Ly, ..., Ly) behave in the same way as the free energy for the periodic condition
Fp(Ly, ..., Ly) (4.2), and thus the thermodynamic relation (4.9) also holds in these cases.
The low and high temperature expansions of the Casimir free energy Fp,y can be obtained
directly from (4.13) and the corresponding expansion for Fp. As in the periodic case, the
zero temperature free energy for the Neumann case is always negative. However, the sign of
the zero temperature free energy of the Dirichlet case depends on the parameters Ly, ..., Ly.
There have been a lots of discussions about this in the literature, see e.g. [15, 17, 18, 23].
By remark 2.1, we know that fixing Ly, ..., Ly, if Fg is positive, then there exists a unique
T=T(Ly,...,Lyg) suchthat Fp(Ly, ..., Lp) change from negative to positive. The scaling
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Figure 5. The transition temperature 7 (L, Ly) for Fp(Ly, Ly) as a function of L; when
V =LiL, =1. FS(Ly, L) is positive when 0.60452 < L;/Ls < 1/0.60452.
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Figure 6. Left: When 0.5733 < ko = Lp/L; < 1.7444, there is a unique k3 = k3 (k) such that
Fp(Li, Ly, L3) = 0 forall L3/L; > k3. The graph shows 10g123 as a function of k. Right:
The transition temperature 7' (L1, L», L3) for Fp(Ly, L, L3) as a function of k3 = L3/L; when
V=1landky =L,/L; =0.75,1,1.25,1.5.

property of free energy (4.2) shows that T(AL;,...,AL;) = A~'T(L,, ..., Ly). We study
this transition temperature graphically for d = 2 and d = 3 (see figures 5 and 6).
In the high temperature regime, the leading term is

Ly,...,L d+1
- dF( 5 )4R<d+1>.

T2 ﬂd+1

It comes from the j = d term in (4.13) and it is again the Stefan—Boltzman term as in the
periodic case (4.11). The term proportional to Ilglog B is also present but in the Dirichlet
case, its sign depends on d. Unlike the periodic boundary case (4.10), now we have terms
proportional to 1/8/ forall 1 < j <d + 1.

5. Massless vector field (electromagnetic field)

As discussed in [17], for massless vector (spin 1) field (or electromagnetic field) inside a
d-dimensional space €2, the field strength is represented by a totally anti-symmetric rank-2
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tensor F*¥ satisfying the equations
y FH-va = 0, o F" = j",

where FHi-ta-1 = ghtia-t:V:AE g the dual tensor of FY and j* is the current. In the
vacuum state, j* = 0.

5.1. Perfectly conducting walls

In the case that 2 = [0, L;] x --- x [0, Ly] is a rectangular cavity with walls of infinite
conductivity, the field satisfies the boundary condition
nﬂF/Lvl...Ud,I |dQ — 0’

where n,, is the unit vector normal to the walls 32 and n¢ = 0. Introducing the potentials A*
so that

FM™ = 9" A" — 3" A", 3% = d, ¥ = —d, 1<i<d
and working in the radiation gauge with gauge condition
A =0, A =0, (5.1

we find that the modes of the potentials are given by

d
; ki . k;j ;
Ay = a; cos <]-;4_ixi) 1_[1 sin (NL—ijj) el 1<i<d,
J:
J#
where k e (NU {0})?, wx =
The gauge condition (5.1) implies
- aik 0 (5.2)
—~ L, .
i=1
It is easy to see that if two of the k;’s are zero, Ax = (A, ..., Af) is identically 0. On the

other hand, if only a single k; is zero, then for j # i, A]{ = 0 and (5.2) is trivially satisfied.
When all k;’s are nonzero, (5.2) implies that there is a (d — 1) degree of freedom for the vector
a = (ay,...,ay) for any fixed k € N?. Therefore the zeta function for electromagnetic field
confined in rectangular cavities with perfectly conducting walls is related to the zeta function
for massless scalar field under the Dirichlet boundary condition by

Caca(ss Ly, ..., Lg) =(d — D¢pas; Ly, ..., Lg)

d
+Z é‘D,d—l(s; Ll’ RN Lj—lv Lj+1’ R Ld)‘
j=1

There is no wx = 0 mode and 4. 4(0; Ly, ..., Ly) = 0. The corresponding free energy is

d
Fao(Ly,...,Lgy) =(d— 1)FD(L1»-~~vLd)"'ZFD(le-~'sLj717Lj+17-~-1Ld)

Jj=1

d
=27 (-1 Qj-d-1) Z FyQLy,,....2Ly,). (5.3)

j=1 I<my<...<m;<d
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5.2. Infinitely permeable walls

In the case that @ = [0, L] x - - - x [0, L,] is a rectangular cavity where the walls are infinitely
permeable, the field satisfies the boundary condition

Ly
nMF‘ |3Q =0.

Working in the radiation gauge (5.1), the modes of the potentials are given by

d
i [Tk mk; ot :
Ak = Y; s1n (L_[Xi) jl:[lCOS (L—jxj> e k , 1 S i < d,

J#

where ke (NU {O})d, wg =

The gauge condition (5.1) implies
d
Yiki
— =0. 54
; T (5:4)

If all the k;’s are zero, Ay = (AE1 el Aﬁ) is identically 0. On the other hand, for
1 <j<d fixingl <rg < <rgj <d,let]l <my <--- <mj <d be such that

{mi,...omj,ri, o} ={1,2,...,d}. Itk, = ...k, , =0and k,,, #0, ..., ky, #0,
then A}’ = 0for1 </ < d— j and (5.4) reduces to le:l V’”L’—k’ = 0. This implies that there is

m A
a (j — 1) degrees of freedom for the vector (¥, - .., Yin;) for any fixed (ky,,, . .., kmj) e N/,

Therefore the zeta function for electromagnetic field confined in a closed rectangular cavity
with infinitely permeable walls is related to the zeta function for a massless scalar field under
the Dirichlet boundary condition by

d
é'AB,d(S;Ll,u-,Ld):Z(j—1) Z &0, (83 Linys -+ s Liny)-
j=2 I<my<...<m;<d
There is no wx = 0 mode and 4,.4(0; Ly, ..., Ly) = 0. The corresponding free energy is
(see the detail computation in the appendix):

d
Fpg(Lio.o.L)=> (=1 Y Fp(siLm.....Lu)).
j=2

I<my<...<m;<d

d
=2'%"Q2j—d-1) Y FyQL.....2Ln). (5.5)
j=1 1<my<...<m;<d
Note that when d = 2, FAC(le Lz) = FN(le Lz), FAB(LI» Lz) = FD(le Lg) and when
d =3,Fs.(Ly, Ly, L3) = Fyu,(Ly, Ly, L3).
Under the simultaneous spacetime scaling 8 — AB,L; — AL;,1 < i < d, both
Fa.(Ly,...,Lg)and Fa,(Ly, ..., Ly) transform as

Facpy(Liy ... Ly) > A" "Fap, (Ly, ..., Ly,

and thus the thermodynamic relation (4.9) holds.

The low and high temperature expansions of the free energy Fa. , can be obtained from
the corresponding expansion of Fp using (5.3) and (5.5). The sign of the zero temperature
energy FXC/B (Ly, ..., Ly) also depends on the relative size of Ly, ..., Ly.
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Figure 7. The free energy Fa.(L1, Ly, L3) as a function of 7 when V = LiLyL; = 1 and
ko =Ly/Ly =1,5atks = L3/L; = 1,5, 10, 20, respectively.
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Figure 8. The free energy Fac (L1, L2, L3) as a function of k3 = L3/Ly when kp = Ly/Ly =
1,4,7,10and V = L1L,L3 = 1,at T =0, 3, 6, 10, respectively.

In the high temperature regime, the leading term is

Ll,...,Ldr d+1

d+1

Ry 5

Crd+1),
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Figure 9. The free energy Fa. (L1, L2, L3) as a function of k3 = L3/L; when T = 0, 2,4 and
V=L LLy=1latky =L,/L; =1,2,4,8.

Table 2. The range of L3/L; where Fgc(Ll, Ly, L3) > 0when Ly/L; =0.75,1.0,1.25, 1.5.

ky=Lo/L; Therange of k3 = L3/L1 where FAOC(L., Ly, L3) >0

0.75 0.3555 < k3 < 2.7033
1. 0.4083 < k3 < 3.4298
1.25 0.4580 < k3 < 3.6219
L5 0.5057 < k3 < 3.4957

which is (d — 1) times the leading term in the scalar field case. This is due to the fact that
electromagnetic field in (d + 1)-dimensional spacetime has d — 1 polarization states. The term
proportional to % log B is still present. When d is even, there are terms proportional to /% for

all 1 < j < d+ 1. When d is odd, there are terms proportional to ﬂl—/ forall 1 < j <d+1

except for j = %

When d = 3, we find that the zero point energy Fg(ﬂ (L1, Lo, L3) is given by

F3 (L1, Ly, L3) = F3 (L, Ly, L3)

LiLyL; 1 7 (1 1 1
= ——F E +—=—+—+—,
1672 ((L1k1)2 + (L2k2)2 + (L3k3)2)2 48 L1 L2 L3
keZ*\{0}
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Figure 10. Left: when 0.2761 < k» = Ly/L; < 3.6195, there exist 1y (k) and 12 (k2) such that
Fac (L1, Lz, L3) > 0 for all ny(k2) < L3/Ly < n2(ka). The graph shows 71 and 5 as functions
of ko. Right: the transition temperature 7'(L1, Lo, L3) for Fa. (L1, L2, L3) as a function of
k3 = L3/L1 when V = 1 and kz = 1, 1.5, 2.

which is a well-known result (see, e.g. [23]). We show graphically some particular values of
the transition temperature 7'(L;, Lo, Lg) for F4. (L1, L, L3) in figure 10.

On the other hand, the high temperature expansion of Fa. (L1, Lo, L3) = F4,(L1, L, L3)
is
7t2L1L2L3 w Li+Lr+ Ls

Fao (Ly, Ly, L3) = Fs, (L, Ly, L3) = —— +
Ac(L1, Lo, L3) Ay (L1, Lo, L3) 5B B e

+11ﬂ1
_0 —_—
gF—3

1
Z (0, L7, LY L) — — log(8w Ly LyL3)

LiLyLs 3 | o TV EIalLik
- 2 3 x5
2p keZ’\(0} 2Lk T (e47 mlLiki? 1)2

L]L2L3 Z 1 1
B 32w N ar
8 p keZ?\ (0} [Zj_:l[ijj]Z] eh Sl ? 1

1 1 1 1 1
+ﬁk:,E e%ff] _1+ %_1+ wn |- (5.6)

e’ €

Our result gives the correct high temperature limit stipulated by Ambjgrn and Wolfram [17]
(equation (7.12)). However, they only obtained the first three terms. To the best of our
knowledge, we are not aware of any existing study that calculates the high temperature limit
to the degree of accuracy obtained here. We would like to emphasize that formula (5.6) is
valid for all temperatures. In [29], the authors calculate this free energy by a different method.
They gave the same first two leading terms as above, and no explicit formula for the remaining
terms are given.

6. From closed cavity to general case

There exist many papers on the Casimir energy of massless scalar field or Casimir energy of
electromagnetic field confined in a p-dimensional rectangular cavity in a d-dimensional space
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[14,15,17-20,22,24-27,33]. A p-dimensional rectangular cavity in a d-dimensional space is a
space of the form 2, 4 = [0, L] x---x[0, L] xRY™? where 0 < p < d.Itcanbe considered
as the limiting case of the closed cavity where L,...,L, < L,y = --- = Lg = L
or Lj — oofor p+1 < j < d. In the existing literature, when calculating the Casimir
free energy, usually after setting up the zeta function over (ky, ..., k;) in a suitable set, the
summation over k.1, . .., kg is changed to integration. From the mathematical point of view,
this is not a rigorous treatment since the summation expression for the zeta function only works
for Res > ‘—21, which does not include the point s = 0. To justify this procedure, one actually
need to justify that the processes of taking analytic continuation and taking limit L; — oo for
p+1 < j < d can be interchanged. In this section, we will directly take the limit L; — oo for
p+1 < j < d in the expression for the Casimir energy for fields inside a closed rectangular
cavity to obtain the energy of the fields inside a non-closed rectangular cavity. To be more

precise, the limit when L; — oo for p +1 < j < d of the free energy F(Ly, ..., Lg) is
always infinite. Therefore we shall consider the free energy density f defined as the limit
. F(Ly,..., L)
fa(Li,...,Lp) = lim ——————.
Li—o0 Lp+1,...,Ld
p1<i<d

In the following, we assume that 0 < p < d — 1. By puttingm = d — p,a; =
27 /Lpej, 1 < j<d—p,ag_ps1 =2n/Banda; =2n/L;_gip_1,d —p+2< j<d+1in
(3.6), we find that the free energy Fp(L, ..., Ly) (4.1) is equal to

1 _, 2 2 1
FP(LI""’Ld):_ﬁZE,dfp O,m,,L—d _EIOgIB

d+1 B L, Lp)

(s .

_ WLI, o LaZg pi (

1 2w 27w 21
__Rn,dfp R = I
2B B L Ly

where R, ,,(ai, ..., ay) is defined by (3.7). Now the last term goes to zero as L; — oo for
p+1 < j < d (see appendix). Therefore,
1 1 2w 2
L,...,.L)=—— 1lm ——-7, 0 ——, ..., —
Fratly D="0p Lpat,....Lg Bdp ( Ly Ld>
pHI<i<d
— &l N d+l
TR, (4B L Ly 6.1)
227 )d+! TmpmEeT 2 '2n’ 2’ 22 ) ’
Next we want to show that the first term in (6.1) is also zero, i.e., we need to show that
ul»iglo ap...anZy ,(0;ay, ..., a,) =0.
léién

When n = 1, we have
a
Z5. (0;a) =2log —,
E,l( a) og P
therefore limaﬁo[aqul(O; a)] = 0. When n > 1, equation (3.6) gives

Zn’"/za"’lr’(%)

n

[ITj=1 )]

Zp,0iar,....a)) =Zp, (0;ay, ..., a¢,1)+

Cr(n)

+Rn,n—l(ala ey an)~
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Using a similar argument as before (see appendix),

lim aq ...a”_an’n_l(al,...,an) =0.
a;—0
1<i<n—1

On the other hand, it is obvious that
2721 (%)

limO ap...a, — {R(n) =0.
i—> .
S [l_[j:l a;]
1<i<n—1
Therefore,
: ’ . : / .
lim ay...a,Z; ,0;ay,...,a,) = lim ay...a,Z%,_,(0;ay,...,a,—1),
a;—0 ’ a;—0 ’
1<i<n 1<ign

and we obtain by induction on 7 that this is zero. Consequently, we find from (6.1) that

r(4) d+1
fpyd(Ll,...,Lp)Z— ) sy Ll--~LpZE,p+1 T;IB’LI""’LP (62)
T2

and this agrees with the result in [17] obtained by the dimensional regularization method.
Note that the right-hand side of (6.2) is not defined when p = d. Under the simultaneous
spacetime scaling 8 — AB, L; — AL;, 1 <i < d, the free energy density fp 4(Ly,..., L))
transforms as

fra(Li, ... L) = 2 fp g (Lo, Ly). (6.3)
Now using the fact that
Fp(2Ly,y ... 2Ly, 2L py1, ..., 2L
llm P( J [7+1 d)
Lj—o0 Lp+1...Ld
pHI<j<d
Fp(2Ly,y ... 2Ly, 2L py1, ..., 2L
— 2d—p lim P( J p+l d)
o0 QLye1) .. 2Lg)
pHI<j<d

=21 fp4(2L,, ..., 2Ly,),
and (4.13) and (5.3), we find that the free energy densities fp 4(Li,...,L,), fna(L1, ...,
Ly), fac,a(L1,...,Lp), faza(L1,...,L,) for massless scalar field under Dirichlet and

Neumann boundary conditions and for electromagnetic field confined in a cavity with perfectly
conducting walls and with infinitely permeable walls are related to the free energy for massless
scalar field under periodic condition by

p
fona(Ly,...,L,)=27" Z(:Fl)pﬂ' Z fejed—p(2Lm,, ... 2Lu,)
i—0

I<my<-<m;j<p

p
facsa(Lts ooy Ly) =277 Z(qil)”_’(d —1-2p+2j)
=0

X > Fpjwd—p 2L,y - 2L)). (6.4)

I<my<--<m;<p

The scaling behavior of the free energy density in these cases is the same as the periodic
case (6.3).
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When p = 0, we obtain the vacuum energy of free massless scalar field and
electromagnetic field in R?:

(4) 1
fra=fpa=fva=——F1 B Cr(d +1),
T (6.5)
(%)

fAC/B,(/ =—d- l)n—CI%IWCR(d-F 1),

which are the Stefan-Boltzmann terms. These equations are reasonable since when extending
to the space RY, the boundary disappears and the vacuum energy should be the same no matter
what boundary conditions we start with.

6.1. Low temperature expansion

When 1 < p <d—1,byputtingm = p,a; = L;,1 <i < p,apy = B in the Chowla—
Selberg formula (3.3), we obtain the low temperature (7 < 1) expansion of the free energy
density (6.2):

fra(Ly, ...

(6.6)

The first term gives the zero temperature energy density and the sum of the last two terms is

the thermal correction. Note that now the thermal correction contains a term proportional to
d—p+1

B

T . As usual the last term decays exponentially. We show in the appendix that the sum
of the thermal correction is equal to

27tkj 2
! Z log (1 —e N pr':‘[Tj] +|W|2) dw; ...dwg_p.

Qm)a=rB Jra-r

keZ?

in agreement with the usual integration prescription to obtain the limit L; — oo for
p+1 < j < d. From this formula, we can verify as in the closed cavity case that the
free energy density is a decreasing function of temperature. On the other hand, (6.2) implies
that the Casimir free energy is negative at all temperatures for all p and d such that 0 < p < d.

Compare to (4.5), we find that we cannot simply set p = d in (6.6) to obtain the free
energy in the closed cavity case (4.5) due to the second term. In fact, by using physics
argument, Ambjgrn and Wolfram [17] have argued that in order to obtain the free energy for
a closed cavity from this formula, it is necessary to omit the second term.

Using (6.4) and (6.6), one can also obtain the low temperature expansion of the free
energy densities fp,y 4 and fa.,,, for 1 < p < d — 1. We find that in the case of scalar field
with the Dirichlet boundary condition, the thermal correction is an exponentially decay term,
whereas for the scalar field with the Neumann boundary condition and also for electromagnetic
field confined in a cavity with infinitely permeable walls, there is an extra term proportional to

B~ “4* and for the electromagnetic field confined in a cavity with perfectly conducting walls,
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this extra term is only present when p = 1. Just like the periodic case, we can show that the
thermal corrections are equal to

e p,g/, > Mue®log (1—¢ VE- [T ) dw, - dwg_ . 6.7)

ke(NU{0})?
which is in agreement with the usual integration prescription. Here 5C = D, N, A¢, Ap and

1, if keNP,
Mp (k) = {O, otherwise,
Myk) =1 Vk e (NU{0})?,
d—1, if ki#0 forall 1<i<p,
My (k) =1, if k; =0 forsomei,andk; # O for all other j # i,
0, otherwise.
My,ky=d—-—p+j—1, if exactly j of the ky, ..., k, are nonzero.

From this, we can also conclude that the free energy density is a decreasing function of
temperature. In the case of scalar field with the Neumann condition, we can even generalize
the conclusion to that the Casimir energy is always negative. However, in the case of scalar
field with the Dirichlet condition and the cases of electromagnetic fields, the sign of the
Casimir free energy depends on p, d, T and the values of Ly, ..., L,. There have been some
discussions on this point in [15, 18, 24, 33].

6.2. High temperature expansion

When 1 < p<d—1,byputtingm =1,a;, = B,a; = L;—1,2 <i < p+ 1, in the Chowla—
Selberg formula (3.3), we obtain the high temperature (7 3> 1) expansion of the free energy
density (6.2):

r(4% Cr(d +1)
fP,d(Lla"'aL[))z_ (é)Ll...LPT
T2 B
r(¢ 1 d 2L,...L
_ (ZQ)LIH-LP_ZE»P <_;L1”"’LP> _Tp
272 .3 2 2

< ¥ >

keZP\{0} m=1

. (6.8)

which agrees with the result obtained in [17]. The leading term is the Stefan-Boltzmann term
which is equal to the vacuum energy of R (6.5). The second term is of order 8~ and it is
divergent for p = d. In [17], Ambjgrn and Wolfram argued that to obtain the p = d case
from this formula, one needs to remove the divergence by subtracting the free Bose gas result,
i.e., replace the second term by

1 r(4 1 d d—p+1
— lim (j)Ll...L,,—ZE,,,(-;Ll,...,L,,> )ZE1< P ;ﬂ)
2p=d\ 72 B 2 o TB 2

1, ~ B , _
) 208

Comparing to (4.10), we have shown mathematically that this is indeed the case. Using (6.4)
and (6.8), one can also obtain the high temperature expansion of the free energy densities
Spyn.a and fa, qfor 1 < p < d—1. We find that the leading term for all the cases is equal
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to the vacuum energy of R? (6.5). In the cases of Dirichlet and Neumann conditions, there
are terms proportional to =/ foreveryd — p+1 < j < d +1 as well as for j = 1. For
electromagnetic field, when d is odd and p > (d +1)/2, there is no term proportional to ,3_% .

7. Conclusion

We have provided a rigorous derivation of the Casimir free energy at a finite temperature for
massless scalar fields and electromagnetic field confined in a closed rectangular cavity with
different boundary conditions by the zeta regularization method. By applying the Chowla—
Selberg formula, we obtained an explicit formula for the low and high temperature expansions
of the free energy, which can be written as a sum of polynomial order terms in 7°or 7! plus an
exponentially decay term. To the best of our knowledge, such an explicit formula for the low
and high temperature expansions of the free energy of fields confined within closed cavities
has not been obtained previously.

We noted that for all the cases considered, the free energy at the finite temperature
F(B; Ly,..., L) transforms as

F(B;Li,....Ly) + FOB;ALi, ..., ALg) =2"'F(B; Ly, ..., La),

under the simultaneous spacetime scaling 8 +— AB, L; — AL;,1 < i < d. This in turn
implies the thermodynamic relation

F=P+--+P)V-TS,
which has not been observed.

On the other hand, we also show that the free energy in all the cases considered is a
decreasing function of temperature. For massless scalar field under periodic and Neumann
boundary conditions, the free energy is negative for all temperatures. For massless scalar field
under the Dirichlet boundary condition and for electromagnetic fields, the free energy might
be positive at zero temperature. When this happens, there is a unique transition temperature at
which the free energy changes from positive to negative. This transition temperature is shown
graphically for d = 2 and d = 3. We believe that for massless scalar field under the Dirichlet
boundary condition and for electromagnetic fields, when d > 4, the zero temperature free
energy will also be positive for (L, ..., Ly) lying in some domain of R?. A detailed study
of this is left to another paper.

In the last section, we show how the free energy for a non-closed rectangular cavity can
be obtained by letting the size of some directions of a closed cavity going to infinity. We
prove that the results are in agreement with that based on the integration prescription usually
adopted by other authors.

We remark that the discussion given in this paper focused mainly on the low and high
temperature expansions of the free energy and the properties of the free energy. We have not
dealt with other thermodynamic quantities such as the force, pressure, internal energy and
entropy. We hope to consider these quantities in a future work.

Finally, we would like to point out that there exist some controversies regarding imposing
boundary conditions on a quantum field. Deutsch and Candelas [46] were the first to study the
nonintegrable divergences in the renormalized energy density near boundaries. This problem
has been re-examined by Baacke and Kriisemann [47] and analyzed in detail recently by Jaffe
[48, 49] and Graham et al [50-53]. These authors showed that the imposition of boundary
conditions on quantum fields in Casimir effect calculations leads to non-renormalizable
infinities. As a result, fixing boundary conditions ab initio invariably results in divergences
which cannot be removed by renormalization. Basically this problem for electromagnetic
field with the Dirichlet boundary condition can be stated as that no real material is perfectly
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conducting at arbitrary high frequencies. In order to overcome this serious problem, Graham
and collaborators have developed a new approach which replaces the boundary condition by a
renormalizable coupling between the fluctuating field and a non-dynamical background field
representing the material. On the other hand, there were responses from Milton [54], Fulling
[55] and Elizalde [56] with various attempts to resolve this issue. Here we would like to
mention the effort by Elizalde who has tried to explain the presence of infinities as a result
of drastic reduction of eigenstates when boundary condition is imposed. He has proposed to
complement the zeta function method with the Hadamard regularization in order to make sense
of infinities present in the boundary value problems in Casimir energy calculations. However
such an approach cannot be taken as a substitute of the more physical treatment given in ref.
[48-53]. The system considered in this paper can be regarded as ideal cases, for which the
zeta function technique is still a useful tool for regularization of vacuum energy density. For
a more physical treatment, one has no choice but have to take into account of the problem of
singular behavior near a boundary.

Acknowledgments

The authors would like to thank Malaysian Academy of Sciences, Ministry of Science,
Technology and Innovation for funding this project under the Scientific Advancement Fund
Allocation (SAGA) Ref. No P96c.

Appendix

In this appendix, we gather some mathematical formulae and estimates that we need.
(1) We want to prove (5.3). By equation (4.13), we find that

d
Fag(Liooooi L) =Y ¢ia . Fp(Lmyoooos L)),

I<my<...<m;<d

d
» d—i\ __
where ¢4 = Z(_l)k Ik — 1) <k B j ) yk

k=j
Now we compute c;,q4.

d—j d— i
cia =) (=D k+j—1) ( . ’) 27

k=0

d—j . d—j .
(Z(—l)"k ()t ra-nXen (Y77 2")
k=0
d—j

((d—nZ( 1>k< )2 +(J—1)Z( 1>k< )2’<>

—02J (

d—j
N 2

—Jj— .
Z 1)"( I 1>2 LRI IC 1)"( )2—k>
k=l

=2792j —d—1).

1\ 1\
-3)  ri-n(i-3) )
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(2) We want to show that

lim
a;—0
1<i<m

m
[Ta,

j=1

with R, ,, defined by (3.7). Without loss of generality, we assume that a;

Rn,m(al» B

al‘l) = 01

< ...

X

< a,.

Define (k) = V ZT | [ ] ar(k) = /Z'}zmﬂ[ajkj]z. Then by (3.7) and using
[v] k . 2
b2 1 2j—1
Kv <L = Tz + _ 2 _
o £l 05
IV]
A.l
<\ (22)"k' A
where
(- [P5)
we have
|Rn,m|: l_[aj Rn,m(alv--~aan)
j=1
[5] 1 1
—2ma; (K)o (K) ——nt —l+ml
<cen Z 7 g e Z(4n)l”a1(k) k)T
ke(Z"\{0})x (Z""\{0}) =0
Using the inequality
2> = [ 2kl | > Vamin(lx;).
— =
we have
m+1
> exp(—27a; (K)ea (K)ot (K) ="
ke(Z"\{0}) < (Z""\{0})
2 k n=
< Z exp 71012( S an 2(k)_l+
ke(Z"\{0})x(Z"~"\{0})
et 2exp(—Ze®) 7"
=ay ® 3 (k) 1+ = Zﬂ(k) —1
1 — exp(—Z2W)
Kt oeeofen ) EZ"\ {0} A/
s
Lyl (L+e avm) pens 2mx2(k)
< 2ma, - Yo wm® ™ exp(— T

(1 —e mym )m (ks seeeskin ) EZ" ™\ {0}

From this, it is easily seen that as ¢; — 0 for 1 <

a <m, Ry, — 0.
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(3) We want to show that the integral

_ 1 2mk; 7?
= Qn)d-rB Rd,,Zlog I—exp|—p Z[ ij} + w2 | | dwy...dwg,

keZ? j=1
is equal to
d—p+1 e
T(“5) ¢er(d — p+l 2 1
— d— p+1 ﬁd p+l d—p+l Z d—7p+l
T2 B> wSikezmo ™ C
d+1—p
4

(A.2)

p k. 2 14 k. 2

E J § J

: |:L—Ji| K(I—énl 27'rmﬂ : |:L—]]
j=1

We split [ into two terms /1 and I, where I; corresponds to the k = 0 term and 7, contains
the k € Z”\{0} terms. We have

1

I = m . log(1 — efﬂlw‘)dwl coodwg—,
_ Q,nd_Tp / d . IZ 7mt3w
L (52)@r)i-rp
o L~ p) f:l
F(G2)2ir 2 et 2 =71

Using the formula I'(2z) = 2% ! ~12T(9)T'(z + 4) (8.335 of [41]), we find that /; is
equal to

r d—p+1
PR el RS

d—p+1

w2 Bd-p+l
V4 27Tk/’ 2
For I, set v(k) =vY " [ T, |7, we have

J=

b= (27)d- P,B/ D7 log(l — e VIO quyy L dwy -,

" kezn\(0)

d*p

2n wi— V
- = p—1 —mﬁ v(K)Z+w?
B bimﬂwﬁz Z-/ "
2 m=1 keZP\{0
Now using the substitution u = v/ v2 + w? and the formula 4 of 3.389 in [41], we have

) ]
—p—1 — /02 +w2 dp_1 _
/ wd P le mpvvi+w dw = / M(M2 _ UZ) 5 1e mpPu du
0 v

dp-1 1 1 ap (d—p
=2 2ﬁv > T — K ,,+1(m,3v)

(mp)
Combining together we find that 7, is equal to the second term in (A.2), thus proving our
claim.
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